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1. Thæng tin chung:
- T¶n �· t i: �ành lþ cì b£n thù hai trong lþ thuy¸t Nevanlinna-

Cartan v  mët sè ùng döng

- M¢ sè: B2024-TNA-19

- Chõ nhi»m �· t i: PGS. TS. H  Tr¦n Ph÷ìng

- Tê chùc chõ tr¼: �¤i håc Th¡i Nguy¶n
- Thíi gian thüc hi»n: 2 n«m, tø 1/2024 �¸n 12/2025

2. Möc ti¶u:
- �÷a ra c¡c ùng döng cõa Lþ thuy¸t Nevanlinna trong v§n �· x¡c

�ành duy nh§t c¡c �÷íng cong ch¿nh h¼nh.

- Nghi¶n cùu c§u tróc nghi»m cõa ph÷ìng tr¼nh vi ph¥n, sai ph¥n

v  �¤o h m ri¶ng.

- Gâp ph¦n thóc �©y h÷îng nghi¶n cùu Lþ thuy¸t Nevanlinna v 

ùng döng t¤i �¤i håc Th¡i Nguy¶n v  phöc vö cæng t¡c � o t¤o �¤i

håc, sau �¤i håc t¤i �HTN.

3. T½nh mîi v  s¡ng t¤o
Chùng minh �÷ñc mët d¤ng �ành lþ cì b£n thù hai cho �÷íng

cong ch¿nh h¼nh tr¶n h¼nh v nh khuy¶n, tø �â chùng minh mët d¤ng

�ành lþ duy nh§t.

Chùng minh �÷ñc mët sè k¸t qu£ mîi �¡nh gi¡ h m �°c tr÷ng v 

bªc cõa mët �÷íng cong ch¿nh h¼nh k¸t hñp vîi c¡c si¶u m°t ð và tr½

d÷îi têng qu¡t ph¥n bè trong c¡c gâc;

Chùng minh �÷ñc mët k¸t qu£ mîi v· v§n �· duy nh§t cho �÷íng

cong ch¿nh h¼nh li¶n quan �¸n �i·u ki»n �¤i sè cõa mët hå c¡c si¶u

m°t ð và tr½ d÷îi têng qu¡t;
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Chùng minh hai k¸t qu£ mîi v· nghi»m cõa ph÷ìng tr¼nh vi ph¥n

- sai ph¥n tuy¸n t½nh.

4. K¸t qu£ nghi¶n cùu
a. �ành lþ cì b£n thù hai v  v§n �· duy nh§t cho �÷íng

cong ch¿nh h¼nh tr¶n h¼nh v nh khuy¶n:
�ành lþ 1. Cho f : ∆ → Pn(C) l  mët �÷íng cong ch¿nh h¼nh

khæng suy bi¸n �¤i sè v  Dj, 1 6 j 6 q, l  c¡c si¶u m°t trong Pn(C)

bªc dj t÷ìng ùng ð và tr½ têng qu¡t. Gåi d l  bëi chung nhä nh§t

cõa c¡c dj v  �°t M =
(
n+d
n

)
− 1. Khi �â, vîi méi 1 < r < R0 v 

q >M + 1, ta câ

‖ (q −M − 1)Tf(r) 6
q∑
j=1

1

dj
NM
f (r,Dj) +Of(r). (0.1)

�ành lþ 2. Cho D = {D1, . . . , Dq} l  mët hå gçm q si¶u m°t

ð và tr½ têng qu¡t v  f, g : ∆ −→ Pn(C) l  c¡c �÷íng cong ch¿nh

h¼nh khæng suy bi¸n �¤i sè thäa m¢n Of(r) = o(Tf(r)) v  Og(r) =

o(Tg(r)). Gi£ sû r¬ng

a) Ef(Di) ∩ Ef(Dj) = ∅ vîi méi i 6= j ∈ {1, . . . , q};
b) Ef(Dj) ⊂ Eg(Dj) vîi méi j = 1, 2, . . . , q v  f(z) = g(z) vîi

måi z ∈ Ef(D).

c) lim inf
r−→R0

∑q
j=1N

1
f (r,Dj)/

∑q
j=1N

1
g (r,Dj) >

M

M + 1
.

N¸u q > 2M + 3 th¼ tçn t¤i tªp con S ⊂ {1, . . . , q} thäa m¢n #S >

M + 1 v 

(f,Dk)
d/dk

(f,Dl)d/dl
≡ (g,Dk)

d/dk

(g,Dl)d/dl
vîi måi k 6= l ∈ S. (0.2)

b. �ë t«ng cõa �÷íng cong ch¿nh h¼nh k¸t hñp vîi c¡c
si¶u m°t ð và tr½ d÷îi têng qu¡t
�ành lþ 3. Gåi f : C→ Pn(C) l  mët �÷íng cong ch¿nh h¼nh si¶u

vi»t tr¶n C câ bªc d÷îi τ <∞ v  bªc 0 < ρ ≤ ∞. Gåi D l  mët si¶u
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ph¯ng �i �ëng nhä �èi vîi f v  δ = δf(D) > 0. Gi£ sû vîi mët h¬ng

sè σ > 0 thäa m¢n τ ≤ σ ≤ ρ,

p∑
j=1

(αj+1 − βj) <
4

σ
arcsin

√
δ

2
. (0.3)

Khi �â vîi måi d¢y �¿nh Pâlya {rm} bªc σ, ta câ

Tf(rm) ≤ K∗WD(rm, f,D) (0.4)

vîi mët h¬ng sè d÷ìng K∗ ch¿ phö thuëc v o {rm} v  khæng phö thuëc

v o m, trong �â WD(r, f,D) = max{rωjBαjβj ,f(r,D) : 1 ≤ j ≤ p}.
�ành lþ 4. Gi£ sû q,N, n l  ba sè tü nhi¶n thäa q ≥ N + 1 v 

f : C → Pn(C) l  mët �÷íng cong ch¿nh h¼nh si¶u vi»t khæng suy

bi¸n �¤i sè, câ bªc d÷îi húu h¤n τ. Gåi D,D1, . . . , Dq l  q + 1 (q >
(M + 1)(2N − n+ 1)

n+ 1
) si¶u ph¯ng ð và tr½ N-d÷îi têng qu¡t trong

Pn(C), v  δ = δf(D) > 0. Gi£ sû vîi mët h» tia D(α1, β1, . . . , αp, βp),

�i·u ki»n (0.8) thäa m¢n vîi σ = max{ω(D), τ} v 
q∑

k=1

Nαjβj ,f(r,Dk)

degDk
= o(Tf(r)), 1 ≤ j ≤ p,

trong �â Nαjβj ,f(r,Dk) l  h m �¸m cõa f k¸t hñp vîi Dk trong Ω(αj, βj)

vîi j = 1, . . . , p, 1 ≤ k ≤ q. Khi �â ρ(f) ≤ ω(D).

c. V§n �· duy nh§t cho �÷íng cong ch¿nh h¼nh li¶n quan
li¶n quan �¸n �i·u ki»n tr¶n mi·n gâc
�ành lþ 5. Cho q,N, n l  c¡c sè nguy¶n d÷ìng sao cho q ≥ N+1,

f v  g l  c¡c �÷íng cong ch¿nh h¼nh si¶u vi»t khæng suy bi¸n �¤i sè

tø C v o Pn(C), câ bªc d÷îi 0 < τ < ∞. Gåi D1, . . . , Dq l  q si¶u

m°t (q >
(M + 1)(2N − n+ 1)

n+ 1
+
NM

δ
, δ = min{d1, . . . , dq}, vîi

d1, . . . , dq l  bªc cõa D1, . . . , Dq t÷ìng ùng) ð và tr½ N-d÷îi têng qu¡t

trong Pn(C), D l  mët si¶u m°t di �ëng v  l  nhä �èi vîi f sao cho

δ = δf(D) > 0. Gi£ sû vîi mët h» D(α1, β1, . . . , αp, βp), �i·u ki»n
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(0.8) thäa m¢n vîi σ = max{ω(D), τ} v  ba �i·u ki»n sau �¥y thäa

m¢n:

(i) f−1(Dj) ∩X = g−1(Dj) ∩X, j = 1, . . . , q, vîi

X = ∪pk=1{z : αk ≤ arg z ≤ βk};

(ii) f(z) = g(z) vîi måi z ∈ ∪qj=1(f
−1(Dj) ∩X);

(iii) log Tf(r) = O(log Tg(r)) v  log log Tf(r) = o(log r) khi r → ∞.
N¸u ω(D) < ρ(f), th¼ f ≡ g.

d. V§n �· nghi»m cõa ph÷ìng tr¼nh vi ph¥n - sai ph¥n
tuy¸n t½nh:
�ành lþ 6. Cho k, n l  c¡c sè nguy¶n d÷ìng. Gi£ sû f(z) l  mët

h m ph¥n h¼nh kh¡c h¬ng câ si¶u bªc nhä hìn 1, v  gi£ sû r¬ng

(L(f))(n) khæng ph£i l  mët h¬ng sè. Gi£ sû r¬ng f−1 v  (L(f))(n)−1

chia s´ gi¡ trà (0, l), f v  (L(f))(n) chia s´ ∞-IM, ngo i ra ta câ

E(i(0, f) ⊂ E(i(0, (L(f))(n))) (i ≥ 2).

Khi �â

(L(f))(n) ≡ f (0.5)

n¸u thäa mët trong c¡c �i·u ki»n sau:

(1) l = 0 (ngh¾a l  f − 1 v  (L(f))(n) − 1 chia s´ gi¡ trà 0 IM) v 

2δ2(0, f)+3Θ(0, f)+((2n+4)k+3)Θ(∞, f)+2(k−1)δ(∞, f) > (2n+6)k+5.

(2) l = 1 v 

2δ2(0, f)+
1

2
Θ(0, f)+((n+2)k+

5

2
)Θ(∞, f)+(k−1)δ(∞, f) > (n+3)k+3.

(3) l ≥ 2 v 

2δ2(0, f) + ((n+ 2)k + 2)Θ(∞, f) + (k − 1)δ(∞, f) > (n+ 3)k + 2.
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�ành lþ 7. Cho k, n l  c¡c sè nguy¶n d÷ìng. Gi£ sû f(z) l  mët

h m ph¥n h¼nh kh¡c h¬ng câ si¶u bªc nhä hìn 1 sao cho L(f) v  f (n)

khæng ph£i l  c¡c h¬ng sè. Gi£ sû r¬ng f (n) − 1 v  L(f)− 1 chia s´

gi¡ trà (0, l), f (n) v  L(f) chia s´ ∞-IM v 

E(i(0, f) ⊂ E(i(0, L(f))) (i ≥ 2).

Khi �â

L(f) ≡ f (n) (0.6)

n¸u thäa m¢n mët trong c¡c gi£ thi¸t sau:

(1) l = 0 (tùc l  f (n) − 1 v  L(f)− 1 chia s´ gi¡ trà 0 IM) v 

(4k + 2n+ 3)Θ(∞, f) + 2(k − 1)δ(∞, f) + 2Θ(0, f) + δ2(0, f)

+ 2δn+1(0, f) + δn+2(0, f) > 6k + 2n+ 6;

(2) l = 1 v 

δ2(0, f) + δn+2(0, f) +
1

2
Θ(0, f) + (2k +

5

2
)Θ(∞, f)

+ (k − 1)δ(∞, f) > 3k + 3;

(3) l ≥ 2 v 

(2k + 2)Θ(∞, f) + (k − 1)δ(∞, f) + δ2(0, f) + δn+2(0, f) > 3k + 2.

5. S£n ph©m:
a) 03 b i b¡o khoa håc

[1] Ha Tran Phuong and Inthavichit Padaphet, (2024), "A unique-

ness theorem for holomorphic curves on annulus sharing hypersur-

faces", Complex variables and elliptic equations, Vol. 69, No. 9, 1558�1577.

(SCE-I, Q2)

[2] Nguyen Van Thin, (2025), "Growth of holomorphic curves with

radially distributed hypersurfaces and uniqueness of holomorphic curves

in angular domain", Asymptotic Analysis. Vol. 143(2) 768�782. (SCE-

I, Q1)



vi

[3] H. T. Phuong, N. V. Thin, (2025), "On meromorphic solution

of linear difference - differential equation via partially shared values

of meromorphic functions and their growth", Jounal of Mathematics

and Mathematical Sciences, 31�54.

b) H÷îng d¨n th nh cæng 02 luªn v«n th¤c s¾:

H  Thà Ngåc Ch¥m vîi �· t i: �ành lþ cì b£n thù hai cho �÷íng

cong ch¿nh h¼nh tr¶n h¼nh v nh khuy¶n, �HSP Th¡i Nguy¶n 2024;

Nguy¹n Ngåc Duy vîi �· t i: V§n �· duy nh§t cho h m ph¥n h¼nh

li¶n quan �¸n �a thùc �¤o h m, �HSP Th¡i Nguy¶n 2024;

c) Tham gia � o t¤o 1 NCS :

Phommavong Chanthaphone, h÷îng d¨n TS. Vô Ho i An v  PGS.

TS H  Tr¦n Ph÷ìng.

6. Ph÷ìng thùc chuyºn giao, �àa ch¿ ùng döng, t¡c �ëng
v  lñi ½ch mang l¤i cõa k¸t qu£ nghi¶n cùu

a) Ph÷ìng thùc chuyºn giao: �· t i l  c¡c k¸t qu£ nghi¶n cùu cì

b£n �÷ñc chuyºn giao trüc ti¸p cho �¤i håc Th¡i Nguy¶n l m t i li»u

nghi¶n cùu v  håc tªp cho håc vi¶n.

b) �àa ch¿ ùng döng: Khoa To¡n Tr÷íng �¤i håc S÷ ph¤m - �¤i

håc Th¡i Nguy¶n v  c¡c khoa To¡n cõa c¡c tr÷íng �¤i håc trong c£

n÷îc.

c) T¡c �ëng v  lñi ½ch cõa k¸t qu£ nghi¶n cùu: l m phong phó

th¶m lþ thuy¸t Nevanlinna v  �âng gâp v o vi»c � o t¤o sau �¤i håc

cõa Tr÷íng �¤i håc S÷ ph¤m - �¤i håc Th¡i Nguy¶n.

Th¡ng 10 n«m 2025

Tê chùc chõ tr¼ Chõ nhi»m �· t i

PGS.TS H  Tr¦n Ph÷ìng



vii

INFORMATION ON RESEARCH RESULTS

1. General information:
- Project title: The Second Main Theorem in Nevanlinna�Cartan

Theory and Some Applications

- Code number: B2024-TNA-19

- Coordinator: Ass. Prof. Dr. Ha Tran Phuong

- Implementing institution: ThaiNguyen University

- Duration: from 1/1/2024 to 31/12/2025.

2. Objectives
Present the applications of Nevanlinna theory in the problem of

determining the uniqueness of holomorphic curves.

Study the structure of solutions of differential, difference, and par-

tial differential equations.

Contribute to promoting research on Nevanlinna theory and its

applications at Thai Nguyen University, serving university and post-

graduate education at TNU.

3. Creativeness and innovativeness:
- Established a version of the Second Main Theorem for holomor-

phic curves on an annulus, and from this, we prove a uniqueness

theorem.

-Obtained several new results concerning the characteristic func-

tion and the order of a holomorphic curve in relation to hypersurfaces

in subgeneral position distributed in angular domains.

- Proved a new result on the uniqueness problem for holomorphic

curves associated with algebraic conditions of a family of hypersur-

faces in subgeneral position.

4. Research results
a. The second main theorem and the uniqueness problem

for holomorphic curves on an annulus:
Theorem 1. Let f : ∆→ Pn(C) be an algebraically non-degenerate
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holomorphic curve, and let Dj, 1 6 j 6 q, be hypersurfaces in Pn(C)

of degree dj in general position. Let d is the least common multiple

of the dj and set M =
(
n+d
n

)
− 1. Then for any 1 < r < R0 and

q >M + 1, we have

‖ (q −M − 1)Tf(r) 6
q∑
j=1

1

dj
NM
f (r,Dj) +Of(r). (0.7)

Theorem 2. Let D = {D1, . . . , Dq} be a collection of q hyper-

surfaces in general position and f, g : ∆ −→ Pn(C) be algebraically

non-degenerate holomorphic curves such that Of(r) = o(Tf(r)) and

Og(r) = o(Tg(r)). Assume that

a) Ef(Di) ∩ Ef(Dj) = ∅ for all i 6= j ∈ {1, . . . , q};
b) Ef(Dj) ⊂ Eg(Dj) for any j = 1, 2, . . . , q and f(z) = g(z) for

all z ∈ Ef(D);

c) lim inf
r−→R0

∑q
j=1N

1
f (r,Dj)/

∑q
j=1N

1
g (r,Dj) >

M

M + 1
.

If q > 2M + 3 then there exists a subset S ⊂ {1, . . . , q} such that

#S > M + 1 and

(f,Dk)
d/dk

(f,Dl)d/dl
≡ (g,Dk)

d/dk

(g,Dl)d/dl
for any k 6= l ∈ S. (1.1)

b. Growth of holmorphic curves with hypersurfaces in
subgeneral-position
Theorem 3. Let f : C→ Pn(C) be a transcendental holomorphic

curve on C of lower order τ < ∞ and order 0 < ρ ≤ ∞. Let D be

a small moving hypersurface with respect to f and δ = δf(D) > 0.

Assume that for a σ > 0 with τ ≤ σ ≤ ρ,
p∑
j=1

(αj+1 − βj) <
4

σ
arcsin

√
δ

2
. (0.8)

Then for any sequence of Pâlya peaks {rm} of order σ, we have

Tf(rm) ≤ K∗WD(rm, f,D) (0.9)
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for some positive K∗ only depending on {rm} independent of m, where
WD(r, f,D) = max{rωjBαjβj ,f(r,D) : 1 ≤ j ≤ p}.
Theorem 4. Assume that q,N, n are three natural numbers such

that q ≥ N + 1, and f : C → Pn(C) be a nondegenerate alge-

braically transcendental holomorphic curve of finite lower order τ. Let

D,D1, . . . , Dq be q + 1 (q >
(M + 1)(2N − n+ 1)

n+ 1
) hypersurfaces in

N-subgeneral position in Pn(C), and δ = δf(D) > 0. Assume that for

a ray system D(α1, β1, . . . , αp, βp), (0.8) holds with σ = max{ω(D), τ}
and

q∑
k=1

Nαjβj ,f(r,Dk)

degDk
= o(Tf(r)), 1 ≤ j ≤ p,

where Nαjβj ,f(r,Dk) is counting function of f with respective to Dk

in Ω(αj, βj) for j = 1, . . . , p, 1 ≤ k ≤ q. Then ρ(f) ≤ ω(D).

c. Unicity of holomorphic function concerning differential
polynomials
Theorem 5. Let q,N, n be positive integers such that q ≥ N + 1,

and f and g be nondegenerate algebraically transcendental holomor-

phic curves from C into Pn(C) and f has lower order 0 < τ <

∞. Let D1, . . . , Dq be q (q >
(M + 1)(2N − n+ 1)

n+ 1
+
NM

δ
, δ =

min{d1, . . . , dq}, where d1, . . . , dq are degree of D1, . . . , Dq respectively)

hypersurfaces in N-subgeneral position in Pn(C), and D be a small

moving hypersurface of f such that δ = δf(D) > 0. Assume that for a

ray system D(α1, β1, . . . , αp, βp), (0.8) holds with σ = max{ω(D), τ}
and three following conditions hold:

(i) f−1(Dj) ∩X = g−1(Dj) ∩X, j = 1, . . . , q, where

X = ∪pk=1{z : αk ≤ arg z ≤ βk};

(ii) f(z) = g(z) for all z ∈ ∪qj=1(f
−1(Dj) ∩X);

(iii) log Tf(r) = O(log Tg(r)) and log log Tf(r) = o(log r) as r →∞.
If ω(D) < ρ(f), then f ≡ g.
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d. On meromorphic solution of linear difference-differential
equation
5. Products
Theorem 6. Let k, n be positive integer numbers. Let f(z) be a

non-constant meromorphic function with hyper order less than 1, and

assume that (L(f))(n) is not a constant function. Suppose that f − 1

and (L(f))(n) − 1 share value (0, l), f and (L(f))(n) share ∞− IM
and

E(i(0, f) ⊂ E(i(0, (L(f))(n)) (i ≥ 2).

Then

(L(f))(n) ≡ f (0.10)

if one of the following assumptions holds:

(1) l = 0 (i.e. f − 1 and (L(f))(n) − 1 share the value 0 IM) and

2δ2(0, f)+3Θ(0, f)+((2n+4)k+3)Θ(∞, f)+2(k−1)δ(∞, f) > (2n+6)k+5.

(2) l = 1 and

2δ2(0, f)+
1

2
Θ(0, f)+((n+2)k+

5

2
)Θ(∞, f)+(k−1)δ(∞, f) > (n+3)k+3;

(3) l ≥ 2 and

2δ2(0, f) + ((n+ 2)k + 2)Θ(∞, f) + (k − 1)δ(∞, f) > (n+ 3)k + 2.

Theorem 7. Let k, n be positive integer numbers. Let f(z) be a

nonconstant meromorphic function with hyper order less than 1, and

assume that L(f) and f (n) are not constant functions. Suppose that

f (n) − 1 and L(f) − 1 share value (0, l), f (n) and L(f) share ∞-IM,

and

E(i(0, f) ⊂ E(i(0, L(f)) (i ≥ 2).

Then

L(f) ≡ f (n) (0.11)
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if one of the following assumptions holds:

(1) l = 0 (i.e. f (n) − 1 and L(f)− 1 share the value 0 IM) and

(4k + 2n+ 3)Θ(∞, f) + 2(k − 1)δ(∞, f) + 2Θ(0, f) + δ2(0, f) + 2δn+1(0, f)

+ δn+2(0, f) > 6k + 2n+ 6;

(2) l = 1 and

δ2(0, f) + δn+2(0, f) +
1

2
Θ(0, f) + (2k +

5

2
)Θ(∞, f) + (k − 1)δ(∞, f) > 3k + 3;

(3) l ≥ 2 and

(2k + 2)Θ(∞, f) + (k − 1)δ(∞, f) + δ2(0, f) + δn+2(0, f) > 3k + 2.
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+Nguy¹n Ngåc Duy with topic The Uniqueness Problem for Mero-

morphic Functions Concerning Derivative Polynomials, Thai Nguyen

University of Education, 2024.

+) Guiding 01 Ph.D projects:

Phommavong Chanthaphone, Supervisor Dr. Vu Hoai An and Assc.

Prof. Ph.D. TS H  Tr¦n Ph÷ìng.

6. Transfer alternatives, application institutions, impacts and
benefits of research results:

a) Transfer alternatives: all of results in the projects are theoretical

research and it is directly transfered to ThaiNguyen University to use

for research and training.

b) Application institutions: mathematic falcuty in Thai Nguyen

University and mathematic falcuties in other universities.

c) Impacts and benefits of research results: development the Nevan-

linna theory and contributing to graduate training in Thai Nguyen

University.


